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Abstract

An apparent paradox that appears in problems of heat conduction in porous media subject to lack of local thermal equilibrium
(LaLotheq) that was introduced by Vadasz [Transport in Porous Media 59 (2005) 341-355] is reformulated and resolved. This apparent
paradox relates to a combination of Dirichlet and insulation boundary conditions and leads the solution towards local thermal equilib-

rium (Lotheq).
© 2007 Elsevier Ltd. All rights reserved.

Keywords: Porous media; Heat conduction; Local thermal equilibrium; Local thermal non-equilibrium; Lotheq; LaLotheq

1. Introduction

An apparent paradox related to the problem of heat
conduction in porous media subject to lack of local thermal
equilibrium (LaLotheq) was introduced by Vadasz [1]. The
said paradox arises for a combination of Dirichlet and
insulation boundary conditions.

Previous work on porous media heat transfer subject to
lack of local thermal equilibrium (LalLotheq) was under-
taken among others by Nield [2,3], Minkowycz et al. [4],
Banu and Rees [5], Baytas and Pop [6], Kim and Jang
[7], Rees [8], Alazmi and Vafai [9], and Nield et al. [10].
In particular, Nield [3] shows that for uniform thermal con-
ductivities the steady state conduction leads to local ther-
mal equilibrium (Lotheq) if the temperature or its normal
derivative on the boundary are identical for both phases.

Tzou [11,12] refers to experimental results in porous
media heat conduction identifying thermal oscillations
and overshooting, and explains them by applying the
dual-phase-lagging (DuPhlag) model. In particular,
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Minkowycz et al. [4] link the LaLotheq model with the
DuPhlag model in a similar manner to Tzou [11,12] how-
ever they do not claim the possibility of oscillations.
Vadasz [13-15] proved that such oscillations are not
possible.

The present paper aims at demonstrating that, for a fluid
saturated porous layer subject to heat conduction (tran-
sient as well as steady state) and any combination of
imposed temperatures and insulation on the boundary,
the dual-phase thermal conduction leads apparently back
to Lotheq conditions and to a very particular case of iden-
tical effective thermal diffusivities for both phases. This
paradox is resolved in this paper. While Vadasz [1] intro-
duced the apparent paradox in terms of a three-dimen-
sional general domain the present paper deals with a
two-dimensional rectangular domain and the generaliza-
tion to any three-dimensional domain is discussed. While
the paper is particularly aimed at the conditions applicable
to a porous medium Vadasz [15,16] showed that similar
results and conclusions are applicable to suspensions of
solid particles in fluids, or to bi-composite media (a combi-
nation of two different solid phases).

In the present paper a contextual notation is introduced
to distinguish between dimensional and dimensionless
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Nomenclature

Fhy dimensionless group defined in Eq. (14)

Greek symbols

Fhg dimensionless group defined in Eq. (14) 0o effective thermal diffusivity, defined in Eq. (6)
Fo, heat flux related Fourier number, equals (dimensional)
Ol Ty JL? o solid phase effective thermal diffusivity, equals
For temperature gradient related, Fourier number, ks/7s (dimensional)
equals oetr/L? o fluid phase effective thermal diffusivity, equals
Bh bi-harmonic dimensionless group, equals f8,/L* ke /7y (dimensional)
Bf dimensionless group, equals Bh/Fo, = osor /o2 Pe bi-harmonic coefficient, defined in Eq. (6)
h integral heat transfer coefficient for the heat (dimensional)
conduction at the solid-fluid interface (dimen- v solid phase effective heat capacity, equals
sional) (1 — @)pscs (dimensional)
ks effective thermal conductivity of the solid phase, Ve fluid phase effective heat capacity, equals @pecp ¢
equals (1 — @)k (dimensional) (dimensional)
ks thermal conductivity of the solid phase (dimen- 0, dimensionless temperature, equals (7; — T¢)/
sional) (Ty — Tc) for i=s,f
ke effective thermal conductivity of the fluid phase, "y heat capacities ratio, equals /7
equals @kr (dimensional) Nk thermal conductivity ratio, equals kr/ks
ke thermal conductivity of the fluid phase (dimen- @ porosity
sional) 1/ dimensionless group, equals For/Fo, = 11/14
L the length of the porous slab (dimensional) p° solid phase density
Nig solid phase Nield number, Eq. (14) o’ fluid phase density
Nig fluid phase Nield number, Eq. (14) Ty time lag associated with the heat flux, defined in
q. heat flux vector (dimensional) Eq. (6) (dimensional)
t, time (dimensional) TT time lag associated with the temperature gradi-
T temperature (dimensional) ent, defined in Eq. (6) (dimensional)
Tc coldest wall temperature (dimensional)
Thu hottest wall temperature (dimensional) Subscripts
X, horizontal co-ordinate (dimensional) * corresponding to dimensional values
X, spatial variables vector (dimensional) equals s related to the solid phase
(X4, iy Zs) f related to the fluid phase
variables and parameters. The contextual notation implies oTs 2
that an asterisk subscript is used to identify dimensional Vsé)_t* = kV.Ts = (I = Ti) (1)
variables and parameters only when ambiguity may arise oT; ,
when the asterisk subscript is not used. For example x, is 73~ = keViTe +h(Ts — Tr) (2)

the dimensional horizontal coordinate, while x is its corre-
sponding dimensionless counterpart. However kg is the
effective solid phase thermal conductivity, a dimensional
parameter that appears without an asterisk subscript with-
out causing ambiguity.

2. Problem formulation and the apparent paradox

Let us consider the heat conduction in a rectangular
two-dimensional fluid saturated porous domain that is
exposed to different constant temperatures on the vertical
walls and to insulation conditions on the horizontal walls
as presented in Fig. 1. Heat conduction in porous media
subject to lack of local thermal equilibrium (LaLotheq) is
governed at the macro-level by the following equations that
represent averages over each phase within an REV (repre-
sentative elementary volume)

where QO = h(Ts — Tr) represents the rate of heat genera-
tion in the fluid phase within the REV due to the heat
transferred over the fluid-solid interface, and where y, =
(1 — @)pcs and y; = @pecpr are the solid phase and fluid
phase effective heat capacities, respectively, ¢ is the poros-
ity, k, = (1 — @)k, and k¢ = @k; are the effective thermal
conductivities of the solid and fluid phases, respectively.
The coefficient /4> 0, carrying units of Wm > K™, is a
macro-level integral heat transfer coefficient for the heat
conduction at the fluid—solid interface (averaged over the
REV) that is assumed independent of the phases’ tempera-
tures and independent of time. Note that this coefficient is
conceptually distinct from the convection heat transfer
coefficient and is anticipated to depend on the thermal con-
ductivities of both phases as well as on the surface area to
volume ratio (specific area) of the medium [16].
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Fig. 1. Problem formulation — heat conduction in a two-dimensional
rectangular domain subject to lack of local thermal equilibrium
(LaLotheq).

Egs. (1) and (2) are linearly coupled and represent the
traditional form of expressing the process of heat conduc-
tion in porous media subject to LalLotheq [3,17]. When
the value of the interface heat transfer coefficient vanishes,
h = 0 (physically representing an interface that is an ideal
insulator, e.g. the solid—fluid interface is coated with a
highly insulating material) Egs. (1) and (2) un-couple and
the solution for the temperature of each phase is indepen-
dent of the other phase, the phase having the highest ther-
mal diffusivity producing a temperature that equilibrates
faster to its steady state value. Very large values of 4 on
the other hand lead to local thermal equilibrium (Lotheq)
as observed by dividing Egs. (1) and (2) by /4 and looking
for the limit as 7 — oo that produces (at least at the leading
order) Ty = Ty. The latter occurs because despite the fact
that one phase (the slow one) diffuses heat at a slower pace
a perfect compensation occurs due to the interface heat
transfer, i.e. the change in temperature in the faster phase
is instantly converted into an identical temperature change
in the slower phase via the heat transferred through the
interface without any resistance because 7 — oo. Similar
results may be obtained with a finite interface heat transfer
coefficient, A, if the thermal diffusivities of both phases are
identical, i.e. oy = (ks/y;) = (k¢/7¢) = o¢. Then, both phases
will diffuse heat at the same pace leading naturally to
Ts = Tr and a vanishing heat transfer over the interface
h(Ts — Tr) = 0 irrespective of the value of /.

For the two-dimensional system considered here (see
Fig. 1) the Laplacian operator V? is defined in the form
V? = 0% /ox? + 0 /d)2. The boundary conditions applicable
to the problem at hand are constant temperature at the ver-
tical walls and insulation at the top and bottom horizontal
walls

x*:0:Ts:Tf=TC (a)
x.=L:Ty=T;=Ty (b)

o7 oT
y*:0andy*:H*:< > :< ) =0 (c).
ay* y,=0,H, ay* v,=0,H,
(3)

The initial conditions are related to the initial physical con-
ditions of having the porous medium in thermal equilib-
rium with its surroundings leading to the same uniform
constant temperature for both phases, i.c.

t.=0: (TS)t*:O =

(Tt), o = To = constant. (4)

Two methods are in principle available to solving the prob-
lem (1) and (2) analytically subject to the boundary condi-
tions (3) and initial conditions (4). The first method (*“‘the
eigenvectors method”) is linked to evaluating the eigen-
values and eigenvectors directly from system (1) and (2).
The second method (“‘the elimination method”) is related
to deriving an equivalent equation that is second order in
time and fourth order in space via elimination of the depen-
dent variables T and Tt. The first step in this paper is to
present the paradox that was introduced by Vadasz [1],
then the solution is presented via both methods listed
above and their results compared.

The stated paradox appears when attempting to solve
the problem via “‘the elimination method”. The elimination
of the dependent variables Ts and 77 (one at a time or
simultaneously) is accomplished via one of the two meth-
ods presented by Vadasz [1,13,16] leading to two indepen-
dent equations for each phase in the form

o°T, T, ) 2 (0T 4
T4 o + o e [V*T,- +‘cTV*(at*> - ﬂeV*T,}
Vi=s,f (5)

where the index i can take the values s representing the so-
lid phase or f standing for the fluid phase and where the fol-
lowing notation was used

S Y/ S _ (kg + kr)
! h(ys+yf)’ ) (Vs+yf)’
(Vskf + kas) kskf
= ; e — 6
T T hiks + ky) b h(ks + kr) 6)

(Note: the present definition of f, is different than in
Vadasz [1]). Eq. (5) is a linear equation that applies to each
phase, while its parameters are effective coefficients com-
mon to both phases. By imposing the combination of
Dirichlet (constant temperatures) and insulation boundary
conditions expressed by Eq. (3) and assuming uniform and
identical initial conditions for both phases expressed by Eq.
(4) provides two boundary conditions in each direction and
one initial condition for each phase. However, Eq. (5) is
fourth order in space and second order in time, requiring
therefore two additional boundary conditions in each
direction and one additional initial condition. The latter
conditions can be derived from the original ones (3) and
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(4) by using the original equations (1) and (2), which gov-
ern the heat conduction at all times (including ¢, = 0) and
over the whole physical domain including the boundaries.
The derived boundary and initial conditions to be used in
connection with the solution to Eq. (5) are

x,=0:T;=Tc; (a2T,4/ax§)x*:0 =0 Vi=s,f (a)
x.=L:T;=Ty; (O°T;/ox?), _, =0 Vi=s,f (b)
y.=0,H,: (6Ti/ay*)y*:0,ﬁ* =0;
@T:/y?), o =0 Vi=s,f (c)

(7)

t. =0:(T;), _, = To = constant;
(aTi/at*)t*zo = 0 Vl = S,f (8)

Eq. (5) that is identical for both phases shares common
effective parameters for both phases, solved subject to iden-
tical boundary and initial conditions for each phase, (7)
and (8) produce therefore a solution that is expected to
be identical for both phases, i.e.

Ty(t.,x.) = Tr(t.,x.) Y(t. = 0,x, € [0,L],y, € [0,H.])
9)

where x, = (x,,y,) represents the spatial variables. Eq. (9)
is identified as the requirement for local thermal equilib-
rium (Lotheq) in porous media conduction causing the
heat generation due to the heat transfer at the fluid-solid
interface O, = h(Ts — Tt) to vanish. It was obtained accu-
rately from the original system of Egs. (1) and (2) subject to
the specified boundary and initial conditions and other
than that no other imposed restrictions. This result is quite
astonishing and intriguing because it suggests that local
thermal equilibrium (Lotheq) exists naturally in any porous
domain subject to heat conduction and a combination of
constant temperature and insulation boundary conditions.
However, this conclusion needs further investigation.
Substituting Eq. (9) into Egs. (1) and (2) yields

T, R
= T 1

o o V2T (10)

oT

az: = o VT; (11)

where o5 = ky/y, and oy = k¢/y;. The solution to Egs. (10)
and (11) subject to the same boundary and initial conditions
as indicated in Eqgs. (3) and (4) has to be identical to the
corresponding solutions of Eq. (5) subject to the equivalent
boundary and initial conditions (7) and (8), respec-
tively. This means that Egs. (10) and (11) are expected to
produce an identical solution T(z.,x.) = T¢(t., X,) V(t. =
0,x. €[0,L],y, € [0,H,]) despite the fact that in general
their respective thermal diffusivities may vary substantially.
The latter cannot be accomplished unless o5 = o, leading to
the inevitable conclusion that consistency requires the
effective thermal diffusivities of both phases to be identical.
The latter condition was not explicitly imposed « priori, nor
implied in any of the subsequent derivations. Nevertheless,
it was obtained as a result that is linked to the consequences

of Eq. (9). However, the effective thermal diffusivities of
both phases are based on material properties and therefore
this limitation cannot generally be applicable. We must
therefore insist that as # o in which case Egs. (10) and
(11) subject to the boundary and initial conditions (3) and
(4) will produce distinct solutions Ti(#,,X.) # Tr(ts, Xs)
leading back to Egs. (1) and (2) with non-vanishing inter-
phase heat transfer O, = h(Ts — Tt) # 0 and the whole
process cycles indefinitely introducing the paradox.

3. Solution by the eigenvectors method

The system of Egs. (1) and (2) and its corresponding
boundary and initial conditions are rendered dimensionless
by using L to scale the space variables x, and y,, in the
form x=x,/L,y=y,/L, L[*/a, to scale time, that is,
t = t,o./L* and introducing the dimensionless temperature
0;=(T;—Tc)/(Tu — Tc) Vi = s,f, leading to the follow-
ing dimensionless form of Egs. (1) and (2)

0, 1

_ = 2 — —

Fhy 5 Nigv 0s — (6 — 6r) (12)
0 1,

Fth—N—ifv 0f+(95_9f) (13)

where the following dimensionless groups listing the solid
phase and fluid phase Nield numbers NiNi¢, respectively,
and additional dimensionless groups that emerged

hL? hL? (ys+7¢) O}
Bh="5 Njj=—: N~§: - Fhe =18 fF _ teif,
L2 ) If kf ) L ks ) f 7 04 hL2 ’
Fhsz(ys+7f)F0q:aeV25; Foy =258, ppp =%
Yt hL L L
(14)

The dimensionless form of the boundary and initial condi-
tions (3) and (4) are

x=0:0,=0 Vi=s,f (a)

x=1:0,=1 Vi=s,f (b) (15)
y=0,H:(00,/0p), oy =0 Vi=s,T (c)
t=0:(0;),_, = 0o =constant Vi=s,f (16)

The solution to Egs. (12) and (13) is separated into steady
state 0;5s and transient 60;, parts in the form 6; = 6,4+
0:+- The steady state for both phases i=s, f is satisfied
by the linear solution 0, 3 = x, which satisfies the boundary
conditions (15). It is sensible to assume for 6;, to be inde-
pendent of the y coordinate and this assumption satisfies
the boundary conditions (15¢) at y=0,H. As a result,
the equations governing the transient have the form

aHs‘tr _ L 62é)s.,tr
Ot  Ni, Ox?
aof,tr 1 62Of,tr

= O — Of 1
Fhy or N o2 + (Os4r fir) (18)

- (Qs,tr - Hf,tr) (17)




P. Vadasz | International Journal of Heat and Mass Transfer 50 (2007) 4131-4140 4135

subject to boundary and initial conditions that are ob-
tained following the substitution of 0, = x 4 0, into (15)
and (16) leading to

x=0,1:0,,=0 Vi=s,f (19)
t=0: (0;),_=0—x Vi=s,T (20)

The solutions to Egs. (17) and (18) subject to the boundary
and initial conditions (19) and (20) are obtained via separa-
tion of variables in the form of two equations for each
phase in the form 0, = ¢,,(¢)u,(x) where the functions
u,(x) are identical for both phases because they satisfy
the same equations and the same boundary conditions.
The latter statement about the fact that both phases share
the same eigenfunctions u,(x) can be proven in detail, a
step that is skipped here for brevity of the presentation.
The resulting equation is d*u, /dx? + x2u, = 0. The solution
to this equation subject to the homogeneous bound-
ary conditions derived from (19) (u,),,, =0 and
(dzu,,/dxz)x:ov1 =0 at x=0,1, is u, = sin(x,x), and the
resulting eigenvalues are x, =nn Vn=1,2,3,.... Substi-
tuting this eigenfunction solution into Egs. (17) and (18)
yields the following set of ordinary differential equations
for the eigenfunctions in the time domain ¢, (¢) and ¢y, (?)

W by b8y, (@)
ey tdidy, (1)

where the definition of the coefficients that emerged from
the substitution is

(n*n* + Nig) (n*n® + Nig)
NiFh, NigFhg
c=Fn' (22)

dy=—

a, = —
b=Fn";

The general solution has therefore the form

o0

0, =x+ Z ¢, (8) sin(nnx) Vi=s,f (23)

n=1

where ¢,,(¢) are the solutions to the system of Eq. (21).
However, the system (21) needs initial conditions in terms
of ¢,,(0) and ¢,(0). The latter may be obtained from the
initial conditions of 6, and 8¢, (16), applied to Eq. (23) in
the form

o0

(0),g =x+Y_ ¢,,(0)sin(nmx) = 0y Vi=s,f (24)

n=1

Multiplying (24) by sin(jnx), integrating the result over the
whole domain, i.e. fol(~) dx, and using the orthogonality
conditions yields an identical initial condition for both
phases, ¢,,(0), in the form

20D+ 1= (=176}

nt

d)sn(o) = d)fn(o) = d)no = (25)

The eigenvalues and eigenvectors are obtained from Eq.
(21) to yield

j~l‘2n = l |:(an + dﬂ) + \/(an + dn)z - 4(andn - bC) (26)

2
Vi, = [17 (;Lln - an)/b}T = [1,0/(/11,, - dn)}T (27)
Vo, = [1, (Jan — a,) /] = [1,¢/ (Jan — d,)]" (28)

and the solution in terms of these eigenvectors has the form
¢n = ClVIne}VMt + C2V2ne22"t (29)

Where ¢n = [d)srﬂ d)fn]T'
The following relationships obtained from (26)—(28) are

useful in the following analysis. From (26) one may obtain
(see Appendix for details)

(/lln - dn) = _(;LQn - an) or (/lln - an) = —(/lzn - dn) (30)

From Eqgs. (27) and (28) one gets

(Ao — @) (1, — d,) = be, and (L, — a,) (Ao — d,,) = be
31)

respectively. The following identities that are obtained
from (14) and (6) are useful to demonstrate the next point

(NiNisFhoFh)™' = Bh/Fo, = Bf;
(Nis + Nig) (NigNigFhyFhy) ™' = Fo, ! (32)

By substituting (22) and the definitions (14) and (6) yields
(introducing the notation of v, and w?)

s 1 Oﬁf) 1
n — —\ln dn = 2 ZL = 33
v (a, +d,) {n T ” +Foq (33)
and using also (32) leads to
4,4 : :
) n'n (Nis + Nig) 5 ,
= ndn —bc) = AT e
@ (a C) leleFhthf leleFhthf T
2,2
(L W (34)
Fo, Fo,

By using the initial conditions (25) into Eq. (29) and eval-
uating the coefficients C; and C, produces the solutions in
the time domain ¢,,(¢) needed in the general solution (23),
in the form

[/12’1 B (aﬂ + b)]d)no ezl,,r _ V’lﬂ - (an + b)]qsm) Jont

= A e
¢sn ()LZn - Aln) (/“211 - ;“1”)
()vln — an)[l2n - (an + b)]qu) Ant
= - et
¢f” b(/LZn - )Lln)
_ (/12n - an)[/lln - (an + b)]¢no Jont
D(Jan — 71) ¢ 33

By using now Eq. (30) followed by using (31) yields

d) _ U‘Z" — (d" + c)]¢n0 e/lln[ o [)"1” _ (d" + c)}d)no eiznt
fn (/12)1 - )‘ln) (1271 - ;Lln)

(36)
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where ¢, is defined in Eq. (25), 4,, and 4,, are defined in
Eq. (26), and a,, b, ¢, d, are defined in Eq. (22). Substituting
(35) and (36) into (23) produces the general solution
obtained via the eigenvectors method in the form

9 —X—FZ{}M( (a"+b)]¢noeM,,t

2 S — 1)
[ (_Az(nan—jll:;]d)w e).z,,t} sin(nmx) (37)
A Z { [ —i 2:1_;3]% e

4. Solution by the elimination method

Eq. (5) and its corresponding boundary and initial con-
ditions are converted into a dimensionless form by using
the same scales introduced in the previous section, leading
to

0%, 00, _, , (00 s .
Fq o7 +a—— \Y 0 +F0TV <6[> — BhV 0,- Vi= S,f
(39)

where the two Fourier numbers, Fo,, For, and one addi-
tional dimensionless group (the bi-harmonic number, Bh)
that were defined in Eq. (14) emerged. The dimensionless
form of the boundary and initial conditions (7) and (8) that
are required for the solution of Eq. (39) are

x=0:0,=0; (3%0,/x*) _,=0 Vi=s,f (a)
x=1:0=1; (@0,/x*) _, =0 Vi=s,f (b)
y=0,H: (601‘/6)’)}7:0,}1 =0;
(@0:/0)%), oy =0 Vi=s,f  (c)
(00,;/0t),_, =0 Vi=s,f
(41)

The solution to Eq. (39) is separated into steady state 0; s
and transient 0;, parts in the form 0; = 0,y + 0. The
steady state for both phases i =s, f is satisfied by the linear
solution 0, = x, which satisfies the boundary conditions
(40). In addition, it is a sensible assumption for the tran-
sient part 0, to be considered independent of the y coor-
dinate and this assumption satisfies the boundary
conditions (40c) at y = 0, H. As a result, the equation gov-
erning the transient has the form

(40)

t=0:(0;),_, = 0y = constant;

62Qi r 601 T 6201' T
Fo M 4 For

a301’,tr Bh 64Qi,tr
70 ot ox2

otox2 T ot

Vi=s,f
(42)

subject to boundary and initial conditions that are ob-
tained following the substitution of 0, =x+ 0, Vi =s,f
into (40) and (41) leading to

x=0:0;, =0;
x=1:0;4 =0;

(0°0,4/0x%),_, =0
(0%0,4/0x%),_, =0

Vi=s,f (a)
s, f (b)
(43)

<
|

t=0:(0i4),g=00—x; (00;/01),_y=0 Vi=s,f

(44)

The solution to Eq. (42) subject to the boundary and initial
conditions (43) and (44) is obtained via separation of vari-
ables in the form of two equations for each phase as
;e = ¢, (H)u,(x) where the function u,(x) is identical for
both phases because it satisfies the same equations and
the same boundary conditions. The equation for the com-
mon eigenfunction u,(x) is identical to the one obtained
in the previous section and is subject to the same homoge-
neous boundary conditions (u,),_,,; = 0 leading inevitably
to the same eigenfunction solution u,(x) = sin(nmx). The
equations for the eigenfunctions in the time domain is

dzd)in d(rbin
i +(1 +FOTK3) & fl(l + K?iBh)(],’)m =0

Vi=s,f. (45)

Fo,

Eq. (45) is identical to a linear damped oscillator (mechan-
ical mass-spring-damper m — K — ¢, or electrical L-R-C cir-
cuit). A more convenient form of (45) is obtained after
dividing it by Fo, to yield

&y, ddy,
a T
where the specific damping coefficient v,, and natural fre-
quency , are the parameters defined in Egs. (33) and
(34), respectively.

The dimensionless group that emerged from the defini-
tion of w? in (34) as a combination of the bi-harmonic
number Bh and the heat flux Fourier number Fo, is
Bf = Bh/Fo, = as0¢ /02, where o = ks/p, and o = k¢ /p;.
In addition, the dimensionless group that emerged from
the definition of v, in (33) as a combination of the heat flux
and temperature gradient related Fourier numbers Fo, and
FoT, respectively, is Y = For/Fo, = tr/t, = 1 + Bf + (n,—
) /I (L+n) (1+n; )] = 1+Bf > 1, where n,= y;/7
and 5, = k¢/ks. Despite the similarity of Eq. (46) to a linear
damped oscillator, physical constraints allow only over-
damped solutions to exist in this particular application as
demonstrated by Vadasz [13-15].

From (46), the equation for the eigenvalues has the form
iﬁ + v, A, + a)i = 0, leading to the eigenvalues solutions

+ i, =0 Vi=s,f (46)

, Vy w?

An ) 1+ 14‘)’211 and

, Yy w?

A2n:—3l1— 1—4—2] (47)

and the eigenfunctions ¢,, are the superposition of exp[4,,|
and exp[/,,1]
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by (t) = Aye™' + Bye™' Vi=s,f (48)

leading to the solution for 6;,, expressed in the form
Ore = Y _ i (0)sin(nmx) Vi =s,f (49)
n=1

The solution (49) includes two sequences of coefficients
presented in (48) that need to be established from the
two initial conditions (44) at ¢t = 0. The first initial condi-
tion produces

o0

(Oiir)ico = Y $in(0) sin(nmx) = 0 —x Vi =s,f (50)

n=1

A relationship between 4,, and B;, in Eq. (48) is obtained
by multiplying Eq. (50) by sin(jnx), integrating the results
over the whole domain, i.e. [;(-) dx and using orthogonal-
ity conditions to yield

Ain +Bin == d)no Vl == S7f (51)
where

(rbsn(o) = ¢fn(0) - ¢)m1 = 2[00 + (1 B 00)(—1)n]

and from (52) the relationship between the coefficients 4;,
and B,, is

Bin - d)no _Ain

which upon substitution into (48) and then into (49) yields

(52)

nt

Vi=s,f (53)

;4 = Z [Awe™" + (¢, — Ain)e™] sin(nmx) Vi=s,f

n=1

(54)

Using now the second initial condition from (44) into (54)
produces the equation

00; °© .
( ) ity + (b, — Au) ] sin(nx) = 0
at =0 1

Vi=s,f (55)

n=

The values of the coefficients A4;, are finally obtained from
(55) to yield
/Ian) .
in = A—na Vi = S, f 56
(/LZn - )hln) ( )
Eq. (56) indicates that the coefficients for both phases are
identical, i.e. 4, = 4r,, a fact that causes the solutions
for both phases to be identical too. The complete solution
is obtained from (49) by substituting Eqs. (53) and (56)
leading to

= Aonp 2 A 1 )
0,‘ =Xx+ A—""e nf 77[,06 2l sm(nmnx
Z |:(/L2n - iln) (}Qn - /Lln) ( )

Vi=s,f (57)

n=1

and is perfectly consistent with the conclusion reached in
Section 2, Eq. (9), indicating that the temperature of both

phases are identical leading to Lotheq and consequently to
the stated paradox.

5. Resolution of the paradox

While the eigenvalues obtained via both the elimination
and the eigenvectors methods are identical leading to iden-
tical final forms of the solution let us compare the final
coefficients in these solutions obtained via the two different
methods. Comparing the coefficients of the e*» term in (37)
and (38) with the corresponding coefficients to the same
term in (57) shows that the first part of the coefficients is
identical but the second part is missing in Eq. (57). Simi-
larly for the coefficients to the e’ term, their second part
is missing in Eq. (57).

What is therefore the reason that the elimination
method produces an incorrect result? The first part of the
answer to this question can be obtained by observing that
both methods produce identical solutions up to the point
where we imposed the second initial condition on the elim-
ination method solution, Eq. (54). Only after imposing the
initial condition (55) specifying a vanishing initial temper-
ature derivative in time, i.e. (00;/0¢),_, =0 Vi=s,f the
two solutions obtained via the two different methods
diverged producing the apparent paradox. Then, the sec-
ond part of the answer should be related to the question
of why a perfectly correct initial condition obtained cor-
rectly from the analysis preceding Eqs. (7) and (8) produces
an incorrect solution. The answer to this second part of the
question is related to the way the coefficients were evalu-
ated from the Fourier series in Eq. (55) by using this deriv-
ative initial condition. The implied assumption when doing
so is that any constant (including the 0) can be expanded
into a Fourier series. It is however naive to expect the exis-
tence of a Fourier expansion to the 0 constant as Eq. (55)
implies. The coefficients obtained this way are therefore
incorrect, although the initial condition (00;/0f),_, =
0 Vi =s,f is indeed correct. In order to correct this evalu-
ation of the coefficients via the elimination method let us
check what do we need to do instead of using the initial
condition (00;/0t),_, = 0 Vi =s,f. We still need derivative
initial conditions for ¢,,(#), ie. (d¢,/df),_, Vi=s,f in
order to establish the value of the coefficients 4;, Vi =
s,f. However, as distinct from (00;/0t),_, which needs the
full system of partial differential equations (12), (13) to
extract its value, the values of (d¢,,/dt),_, can be obtained
from the system of ordinary differential equations (21a,b)
by using the known values of ¢,(0) = ¢,(0) = ¢,, that
were evaluated and presented in Eq. (52). Substituting
these values for t =0 in Eq. (21) yields

(dgt”> -0 = a”¢sn (O) + b¢fﬂ (0) = ((1,, + b)¢no (a)

(d((ftfn> t=0 - c('bSn (O) + dn¢fn(0) = (C + dn)(’b’w (b)
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Now, from (54) we evaluated ¢,,(¢) up to the yet unknown
value of the constants A4;,, in the form

q’)in(l) = Ainel]”t —+ (¢no - Ain)e/lznt Vi= S, f (59)
From (59) one can take the time derivative to yield
dd)in ) At 1 Jont .
? = /“lnAine It + /“2)1((){);10 - Ain)e/.zn Vi= S, f (60)
and evaluating (60) at ¢ = 0 produces

do.
( ¢m) - )‘lnAin + )VZn(d)no - Ain) (61)

dr t=0

Substituting now the initial conditions (58) into (61) leads
to the result

;LlnAsn + ;LZn(¢no - Asn) =
/,LlnAfn + ;LZn(d)no _Afn) -

(an+ )P, (62)
(c+dy) b, (63)

The values of the coefficients A, and Ay, can now be eval-
uated from (62) and (63) in the form

[Aon — (an + b)),

AS" - ()Zn /lln) (64>
_ A= (dnt0)]8,
Afﬂ B (/LZn - )ln) (65)

Substituting these results (64), (65) into (59) and the result
into (49) and adding the steady part yields

_ > Lo — a,, + b)](pno Ant
=x+ Z |: )2,, A]n) €
. [/“ln (—)vz(an__;lbg]qbno e)~2nt:| Sin(nnx) (66)
. [/LG - ( + C)]d)no Ant
Or = x + Z [ (Jan — A1n) ‘

o [/Lln (_iz(ndn +]j;]¢no e/lz,,t:| sin(m‘tx) (67)

The first observation from the solutions (66) and (67) is
that these solutions are not anymore identical, i.e. now
we obtained Lalotheq conditions i.e. 65 # 6; as we did
via the eigenvector method. Comparing now these solu-
tions obtained via the elimination method (66) and (67)
with the solutions (37) and (38), respectively, obtained
via the eigenvectors method by looking at the coefficients
of the terms e** and e*>’, brings us to the conclusion that
both methods yield identical solutions, i.e. (37) is identical
to (66) and (38) is identical to (67). The latter conclusion
resolves therefore the paradox.

However, now that we have obtained identical solutions
via both methods and resolved the paradox, it is interesting
to observe how the initial temperature derivative with
respect to time (06;/0¢),_, as evaluated from these solutions
looks like, and whether it indeed vanishes as expected. Tak-
ing the time derivative of the solutions Egs. (37), (38) or
(66) and (67) and evaluating it at ¢ = 0 leads to

n=1

(%) o = nf; ¢, (@, + b) sin(nmx) (68)
<%>t :Ol ¢, (d, + ¢) sin(nnx) (69)

Substituting the definitions of a,, b, d, and ¢ from (22) and
by using (14) yields
2.2

I .

a,+b= i, aen T (70)
n?m? o

d, +c=— _H g 71

te leFhf aenn (71)

where o = ky/y,, of = k¢/y; and o, is defined in Eq. (6).
Substituting (70) and (71) as well as the value of ¢, from
(52) into (68) and (69) yields

% B Zocs
o)y %

% B 2OCf
o)y —
(73)

The simplest case is obtained for 6y = 0 when (72) and (73)
become

in 0o + (1 — o) (—1)"] sin(nmx)

(72)

)(—1)"] sin(nnx)

00, 20T = 0
(E)H):— . ;(—1)nsm(nnx) (74)
2OCfTE

00¢ =
< ot >t—0 ; Oe ;
For any fixed value of x these alternating series have the
form Y~ (-1)'n=-14+2-3+4—-5+6—---, because
the sine function will vary between —1 and 1 as the value of
n changes at fixed x. The sum of any two consecutive terms
is either 1 or —1, depending on the choice of grouping the
terms. In both cases the sum becomes Y - (—1)"n=
> ,£1— oo, hence we conclude that the series in
(74) and (75) diverge and we cannot estimate (06,/0t),_,
analytically from the solutions. Actually the funny part
of this result is that according to (74) and (75) the initial
temperature derivatives (00;/0t),_, are identically zero on
the boundaries, at x = 0,1, where we could have antici-
pated the singularity because of the temperature step
change there. Yet the results show that (90;/0¢),_, is iden-
tically zero on the boundaries and diverges elsewhere. This
particular anomaly should be the subject of further
investigation.

(—1)"nsin (nmx) (75)

6. Results and discussion

The analytical series solution obtained via both methods
was evaluated and plotted in order to visualize the behavior
of the solutions for both phases during the transient, eval-
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uate the temperature differences between the phases and
verify the analytical conclusions drawn.

The initial temperature value was taken as 60y = 0.5,
implying Ty = (Tu + Tc)/2. The values of the parameters
used were Nir = 1, Ni; = 0.5 and Fhy = Fh, = 1.5.

The results are presented graphically in Fig. 2 in terms
of 0, and 0 as a function of time at constant values of x.
Fig. 2a presents the results for x = 0.1, 0.2, 0.3, and 0.4,
while Fig. 2b presents the results for x = 0.6, 0.7, 0.8,
and 0.9. It is obvious from these results that the tempera-
tures of the phases are distinct, they start initially at 1 =0
being identical, i.e. (6s),_, = (0r),_o = 6o = 0.5 and they
end-up being identical at steady state, i.e. (0;)
(0r), ., = x, but during the transient 05 # 0r.

These results are plotted in Fig. 3a in more detail while
zooming into the initial time domain ¢ € [0,0.002] in order
to check the initial time derivative of temperature
(00,/0t),_, and (00;/0t),_,. It is observed as anticipated
that the temperature values overlap showing no variation
in time except for the neighborhood of the boundaries,

t—oo
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Fig. 2. Results of the analytical solution for the temperature of both
phases as a function of time at selected locations: (a) at values of
x=0.1,0.2,0.3, and 0.4; (b) at values of x = 0.6,0.7,0.8 and 0.9.

Short Times Solution

a 0.6
80= 0.5 ’ . - L
v
v
0.55 v ‘-’. B ® 5 x=0.1
: - "5 x=03
lf%' : oo
vyl & sx=07
& v" v 077 v s x=009
M ¥ | fix=0.1
K oSpeeeeofuaad - L L ] =03
- ., ° o o fx=05
S . Bro 4 s fx=07
0 | 7 fx=09
[d. =01
045 - + . 1 4
L]
‘ I ’ *
.
| | -
0.4 I I
0 0.0005 0.001 0.0015 0.002

t, time [dim-less]

0.1 U I I
0 0.05 0.1 0.15 0.2 0.25

f, time [dim-less]

Fig. 3. Results of (a) the temperature solutions for short times by zooming
into the initial time domain ¢ € [0,0.002] in order to check the initial time
derivative of the temperature (00,/0t),_, and (00;/0t),_,, (b) the temper-
ature difference between the phases in terms of A0 = (0, —0;) as a
function of time at selected constant values of x.

i.e. for x = 0.1 and x = 0.9. Even for this neighborhood it
may be observed that there is an initial time domain
t € [0,0.0005] where temperature variations in time seem
non-existent reinforcing the analytical conclusion that
(00,/0t),_, = (00;/0t),_, = 0. The numerical values (not
shown here) confirm this result to machine precision.

The temperature difference between the phases in terms
of AO = (0s — ;) as a function of time at selected constant
values of x is presented in Fig. 3b clearly identifying the
variation of the temperature difference between the phases
with time, starting from and ending with identical values.

7. Conclusions

An apparent paradox that appears in problems of heat
conduction in porous media subject to lack of local thermal
equilibrium (LaLotheq) was reformulated and resolved.
This apparent paradox relates to a combination of Dirich-
let and insulation boundary conditions and leads the solu-
tion towards local thermal equilibrium (Lotheq). While the
formulation, analysis and demonstration of the apparent
paradox and its resolution was undertaken here for a
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specific two-dimensional and rectangular geometry, its gen-
eralization to an arbitrary three-dimensional geometry as
presented by Vadasz [1] is not straightforward because
the way around the Paradox in this particular case was
approached via the Fourier decomposition, while the intro-
duction of the general formulation of the Paradox in
Vadasz [1] did not use such a decomposition and therefore
the resolution applied in the particular case presented here
cannot apply in the more general case formulation. We also
identified as the source of the Paradox the fact that the ini-
tial temperature derivative with respect to time cannot be
estimated from the analytical solution and actually pro-
duces an analytical anomaly. More work is needed to
understand the reason for the latter and how this may
affect the formulated Paradox.
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Appendix

Let us present Eq. (26) for the eigenvalues 4;, and 4,, in
the form

5 (an + dn) 5;1 . 1 (an + dn) 5;1

=T 5 T n = T A~ T A

o 2 2’ 2 2

where 6, = \/(a,, + d,l)2 —4(a,d, — bc). Then by using
(A1)

(A.1)

U — dy) = ;d") +% d, = @ . ) +%

= % (ay—d,+9,) (A.2)
oy =) B @)

= @ —d, + 5 (A3)
Comparing (A.2) with (A.3) leads to the conclusion
(Ain = dn) = = (220 — ) (A.4)

This result is the relationship presented in Eq. (30) in the
text.
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